
SWIMMING SPEED, TAIL BEAT FREQUENCY7 TAIL BEAT AMPLITUDE, 
A N D  SIZE I N  JACK MACKEREL, Trucharzcs symmetricas, 

A N D  OTHER FISHES 

JOHN R. HUNTER AND JAMES R. ZWEIFEL' 

ABSTRACT 

The tail beat frequency and tail beat amplitude of jack mackerel, Trachurus symmetvicus, 4.5 to 27.7 
cm were measured at speeds of 15 to 212 cm/sec. Tail beat amplitude was a constant proportion of 
length at all speeds but tail beat frequency changed with speed; thus speed depended only on fre- 
quency of the tail beat and length. A simple mathematical model for estimating swimming speed from 
tail beat frequency and fish length was derived from the Trachurus data and applied to data for three 
marine fish - Scomber japonicus, Triakis henlei, and Sardinops sagas - and to data for freshwater 
fish from the literature. The general form of the model was V - V ,  = L ( K F  - Po)  where V is fish 
speed, V ,  is length-dependent minimum swimming speed at minimum tail beat frequency F,, and L is 
fish total length. The model represented a major improvement over previous equations because it 
provided an unbiased correction for length, was sensitive to specific differences, and provided a more 
accurate estimation of speed. 

Of the variables that determine the swimming 
speed of a fish, the size of the fish, the frequency 
of the tail beat, and the amplitude of the tail 
beat are among the most important. Knowl- 
edge of the relationships between swimming 
speed and these variables is important not only 
for an understanding of the mechanism of lo- 
comotion in fish but because it may be used to 
forecast maximum swimming speeds (Bain- 
bridge, 1958), to estimate swimming speeds 
indirectly by analysis of tail beat frequencies, 
and possibly to estimate fish size and make spe- 
cific identifications of fish targets with doppler 
Continuous Transmission Frequency Modulated 
sonar (Hester, 1967). 

Bainbridge (1958) described the relationship 
between tail beat frequency, tail beat amplitude, 
and size for three species of freshwater fish: 
dace, Leuciscus leuciscus; trout, Salmo gairdneri 
(S. irideus) ; and goldfish, Carassius auratus. 
He concluded that the amplitude of the tail beat 
increased with the tail beat frequency to about 
5 tail beats/sec and thereafter became constant. 

National Marine Fisheries Service Fishery-Ocean- 
ography Center, La Jolla, Calif. 92037. 

Speeds above 5 beats/sec were dependent only 
on the frequency of the tail beat and the length 
of the fish. The relationship between speed, 
frequency, and length above 5 beats/sec was 
nearly the same in the three species studied; 
consequently, he used a single equation to ex- 
press this relationship for all three species. No 
similar study exists for marine fish although 
some measurements of tail beat frequency and 
amplitude have been made incidental to other 
studies. Yuen (1966) measured the tail beat 
frequency of skipjack tuna, Katsuwonus pelamis, 
and yellowfin tuna, Thunnus albacares, from 
cine photographs taken from the viewing port 
of a research vessel and Magnuson and Prescott 
(1966) measured the tail beat frequency of 
Pacific bonito, Sardu chiliensis, from cine pho- 
tographs taken through a window in an ocean- 
arium, The slopes of the lines relating tail 
beat frequency to speed in body lengths per sec- 
ond for skipjack and yellowfin tunas and bonito 
were sufficiently different from those of Bain- 
bridge (1958), for Hester (1967) to speculate 
that species might be identifiable by this re- 
lationship. The measurements were taken from 
lateral photographs of free-swimming schools; 
thus the tail beat amplitude and the absolute 
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size of the fish were not measured and tail beat 
frequency was measured over a limited speed 
range. Fierstine and Walters (1968) measured 
both tail beat frequency and amplitude of wavy- 
back skipjack, Euthynnus afinis, from dorsal 
cine photographs of free-swimming fish in cir- 
cular swimming pools but only five, one-beat se- 
quences of swimming were analyzed. 

The obiective of the present study was to de- 

speed, fish length, tail beat amplitude, and tail 
beat frequency in a pelagic marine fish, jack 
mackerel, Trachurus symmetricus. To accom- 
plish this objective, dorsal cine photographs were 
taken of fish swimming in currents of different 
speeds in a specially designed activity chamber. 
For comparative purposes tests were also run 
on three other marine fish: chub mackerel, 
Scomber japonicus; Pacific sardine, Sardinops 

termine the relationships between swimming sagax; and a shark, Triakis henlei. 

FIGURE 1.-Apparatus used to measure swimming speeds of fishes. Inset upper left apparatus shown with 
opaque walls; center, isometric, three dimensional scale drawing, walls, deflectors and other structures are shown 
as transparent for purposes of illustration; arrows indicate direction of current flow; and lower right, scale 
for vertical and horizontal planes of drawing. 
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APPARATUS 

Swimming speeds were measured in an ac- 
tivity chamber (Figure 1) built after that of 
Beamish (1966). A fiber glass tube 230 cm long 
and 41 cm in diameter was immersed in an open 
bath. An 80-cm section of tube was the swim- 
ming compartment. The compartment had 
metal screens at the ends and a transparent 
acrylic p!astic hatch which conformed to the 
contours of the tube. The walls of the tube 
within the swimming compartment were white 
and had black stripes spaced a t  5.0-cm intervals 
to provide a visual reference for the swimming 
fish. Water velocity in the chamber was reg- 
ulated by the speed of a 39-cm propeller driven 
by a variable speed 50-hp motor and by changing 
the screens a t  the two ends of the swimming 
compartment. Water was drawn into the com- 
partment from the bath over deflectors, and 
through baffles and screens. The screens, baffles, 
and deflectors reduced turbulence and provided 
water of relatively uniform velocity throughout 
the swimming compartment. Their arrange- 
ment and design were determined empirically 
by measurement of the horizontal and vertical 
distribution of flow in the chamber. 

The speed range of the apparatus was 12 to 
212 cm/sec. The full range was obtained by 
changing the screens a t  the ends of the swim- 
ming compartment. A velocity range of 12 to 
69 cm/sec was obtained when screens of 39% 
open area were used, one of 15 to 139 cm/sec for 
screens of 56% open area, and one of 19 to 212 
cm/sec for screens of 75% open area. 

A digital voltmeter measured to the nearest 
millivolt the voltage produced by a voltage gen- 
erator attached to the propeller shaft. The volt- 
age produced by the generator was proportional 
to propeller revolutions and was used to regulate 
them. An impeller flowmeter (Marine Advisers 
Inc., Model B-7C) ' was used to relate propeller 
revolutions in volts to water flow in the appa- 
ratus. The meter sampled an area 7.6 cm in 
diameter and had an accuracy of f 2.5 cmlsec 
when moved through static water at a known 

' Reference to commercial products does not imply 
endorsement. 

speed (for a description of the meter and a cal- 
ibration curve see Olson, 1967). 

Propeller revolution was related to water 
speed in the chamber by three series of cali- 
brations, one for each of three screen types used. 
Nine to 19 different speed levels were measured 
in each series of calibrations. More levels were 
required for slow speed ranges than for fast 
ones because the response of the flowmeter was 
nonlinear a t  low speeds. At  each level water 
speed was measured a t  12 different radial po- 
sitions midway in the swimming compartment. 
The speed of the water a t  a given level was the 
average of the 12 measurements, adjusted for 
the extent of the area sampled by the meter 
(Tranter and Smith, 1968). Variation among 
the 12 sampling points did not exceed &lo% 
of the mean speed and was usually much lower. 
The relationship between mean water speed in 
the chamber and propeller revolutions was li- 
near, and the error in estimating the mean water 
speed from revolutions did not exceed -t 0.2 
cm/sec. Thus, the principal sources of error 
in estimating the speed of the water in which 
a fish swam were the possible 10% variability 
in flow within the chamber and the +- 2.5 cm/sec 
accuracy of the flowmeter. 

Fish swimming in the compartment were as- 
sumed to be swimming at the mean speed of 
the water in the compartment. They were 
photographed from above with a 16 mm high- 
speed motion picture camera at speeds of 64 to 
200 fps. Camera speed was adjusted to pro- 
vide about 10 frames per complete tail beat. A 
viewing box floated on the water surface above 
the swimming compartment to eliminate distor- 
tion in the photographs caused by ripples. 

METHODS 
Film was analyzed by use of a coordinate 

reader and digitizer (Hunter, 1966) and a com- 
puter program was used to calculate tail beat 
frequency and tail beat amplitude from the 
digitized information. One tail beat was one 
complete oscillation of the tail, and the tail beat 
frequency was the number of beats per second. 
Tail beat amplitude was the distance in centi- 
meters between the lateral most excursion of 
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the tip of the tail measured perpendicular to the 
axis of progression plus the mirror image of 
that measurement on the other side of the axis 
of progression. 

The film sequences selected for analysis were 
usually ones in which the fish held a constant 
position in the current and swam steadily. Oc- 
casionally a t  higher speeds it was not possible 
to obtain such a sequence because the fish did 
not maintain a constant position but rather ac- 
celerated and decelerated. In this case a se- 
quence was chosen in which no net movement 
existed between the beginning and end of the 
sequence although the fish moved slightly for- 
ward and backward within the sequence. Usu- 
ally 5 complete tail beats were analyzed per 
speed level but occasionally as few as 2.5 and 
as many as 11 were analyzed. 

Sixteen speed levels were used in the exper- 
iments; seven of the levels, 15 to 60 cm/sec, 
were graduated at intervals of 25% of the pre- 
ceding level and nine of the levels, 69 to 212 
cm/sec were graduated a t  intervals of 15%. A 
speed level interval greater than 10% was used 
because of the possible 10% variability in flow 
within the swimming compartment. 

A grand total of 176 speed tests was analyzed 
for 14 jack mackerel, varying in total length 
from 4.5 to 27.7 cm. Owing to the differences 
in length, no fish was able to swim a t  all levels. 
All 14 fish swam a t  five levels, 24, 30, 38, 48, 
and 60 cm/sec, and all but the two smallest fish 
swam a t  the next five higher levels, 79, 91, 105, 
121, and 139 cm/sec. Only fish of 16 cm or 
larger were tested a t  speeds above 139 cm/sec 
and only those less than 16 cm were tested a t  
15 cm/sec. 

Other species were tested for comparative 
purposes but fewer observations were made. 
Seventy-four swimming sequences of five Scom- 
ber, 26.3 to 32.2 cm total length, were analyzed, 
nine sequences of five Sardinops, average length 
13.6 cm, and seven sequences of one Triakis, 
23.6 cm. 

All fish were tested singly except for Sa&- 
nops, which was tested in a group of five. Fish 
were held in the swimming compartment a t  a 
low speed for about 30 min before an experi- 

ment began. Seawater temperature ranged 
from 17.0" to 19.5" C among experiments but did 
not vary over a degree within an experiment. 

RESULTS 
The tail beat amplitude of T,rachurus did not 

change with speed but was constant at all speed 
levels and was directly related to length (Fig- 
ures 2 and 3 ) .  Tail beat frequency, on the other 

-6.4 1 4.5 

~ ~ ~ ' " " " " " " " " " " '  50 100 I50 200 
VELOCITY (em /see) 

FIGURE 2.-Tail beat amplitude at various speeds fo r  six 
Trachurus, 4.5 to 27.7 cm total length. 

O O A O '  ' ' I 100 ' ' ' ' ' 200 I ' ' ' " 300 

LENGTH (cm) 

FIGURE 3.-Relationship between tail beat amplitude and 
total length for 14 Tmchums,  4.5 to 27.7 cm total length. 
( A  = 0.23177L, syz = 5.068, and A! = 176.) 

hand, changed with speed and, therefore, was 
the only speed modulator measured in these ex- 
periments. In all species studied the relation- 
ship between tail beat frequency and velocity 
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length 
kin) 

was linear throughout the range of test speeds, 
but the slope and intercept of the regression 
lines varied with fish length (Figure 4, Table 1) .  

Speed (crn/sec) on frequency ~ ~ { ~ ~ ~ $  
N (I b 0 b b 
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FIGURE 4.-Relationship between speed and tail beat fre- 
quency for six Trachurus, 4.5 to 27.0 cm total length. 
Equations for regression lines shown in figure are given 
in Table 1. 

6.4 9 -29.761 
7.9 1 1  -37.527 
8.3 11 -39.736 
9.4 13 -35.241 

10.7 13 -29.012 
13.2.  13 -19.860 
16.4 14 -32.541 
22.8' 15 -15.407 
23.7 13 -13.723 
25.0 15 -33.403 
25.8 13 -23.220 
27.0 13 -20.521 
27.7 15 -11.240 

Total 176 
- 

6.838 
8.326 
9.374 
8.953 

10.431 
11.514 
14.780 
17.497 
19.753 
23.394 
21.730 
23.960 
20.509 

4.284 
4. 135 

10.096 
5.258 
5.612 

10.762 
9 . w  
6.945 
6.457 

11.632 
8.734 
9.157 
9.182 

-4.650 
-4.624 
-4.787 
-3.749 
-2.781 
-I ,504 
-I  ,984 
-0.676 
-0.579 
-1 ,336 
-0.900 
-0.760 
-0.406 

1.068 
1.054 
1.129 
0.952 
0.975 
0.873 
0.901 
0.767 
0.833 
0.936 
0.842 
0.887 
0.740 

The length-dependent differences in intercept 
were probably a function of differences in min- 
imum speed and minimum tail beat frequency. 
Fish have a minimum tail beat frequency and 
a minimum swimming speed below which they 
cannot swim by movement of the caudal fin and 
these minima were a function of body length. 

In the past, speed was scaled directly to length; 
that is, speed was divided by length and re- 
gressed on frequency (Bainbridge, 1958; Mag- 
nuson and Prescott, 1966; Yuen, 1966). Our 
data suggest, however, that division of speed 
by length would introduce bias because of the 
existence of a minimum speed and tail beat 
frequency different from zero, the dependence 
of minimum speed on length, and possible length- 
dependent differences in the slope of the regres- 
sion of speed on frequency. For example, when 
we divided speed by length, size-dependent dif- 
ferences in intercept and possibly the slope still 
existed (Table 1, last two columns). In addition 
a curvilinear trend is introduced a t  low speeds 
in the combined data because of the lack of an 
intercept (minimum speed) correction. Thus 
an  equation that relates speed to tail beat fre- 
quency for fish of different length must include 
an adjustment for size-dependent differences in 
minimum swimming speed, minimum tail beat 
frequency, and perhaps also for size-dependent 
differences in the slope coefficient. 

The existence of size-dependent variables in- 
troduces certain problems in the interpretation 
of these data because of the possibility that spe- 
cific differences in size dependency may exist. 
For example, differences exist among species 
in the coefficients used to relate size to various 
swimming characteristics such as burst and sus- 
tained speeds (Bainbridge, 1960) but it is un- 
certain whether or  not these differences reflect 
real specific differences or if they are  simply 
differing estimates of a common coefficient. 
Owing to the great variability inherent in swim- 
ming speed studies and because of the sensitivity 
of the length coefficients to the size range of an- 
imals in the sample, these two alternatives are  
equally plausible. In addition, specific differ- 
ences in the relationship between size and swim- 
ming functions may also depend on the partic- 
ular function considered (Bainbridge, 1960). 
For example, the coefficient relating size to max- 
imum sustained speed may be different from 
the one that relates size to beat frequency or 
burst speed. Thus, species may differ from one 
another in the way each swimming function is 
related to size. If such specific differences exist 
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Length b = Care 1.28L0'86 I 
(cm) 

then direct comparisons between species are  im- 
possible, but if they do not exist then a general 
model can be derived from our data which can 
be used to make specific comparisons. In  the in- 
terpretation of our data on Trachurus we will 
consider the alternatives, Case I where all swim- 
ming functions are related to size on a species- 
specific basis, and Case I1 where swimming 
functions are proportional to the same power of 
length in different species. 

To evaluate Case I where length coefficients 
are  considered to be species-specific we regressed 
speed on frequency by the general relationship. 

b Case - 0.86L I I  Yo = 0 . 8 0 L ~ ' ~  I&, Fo = 3.98L-1'3 'ob% 
Cure I I  

V = a,Las + a3La4 * F 
where V is swimming speed in centimeters per 
second, F is tail beat frequency in beats per sec- 
ond, L is total length in centimeiers and a,La' 
is the intercept function and a3L is the slope 
function for the tail beat frequency-swimming 
speed relationship. Estimates were obtained by 
use of Marquardt's Algorithm for fitting non- 
linear models (Conway, Glass, and Wilcox, 
1970). For Trachurms the 90% support-plane 
confidence intervals (Conway et al., 1970) for 
a3 and a4 were 0.72 <03 <1.82 and 0.72 <u4 
<1.01 where G3 = 1.28 and G4 = 0.86. 

To evaluate Case I1 where length coefficients 
are the same for  all fish we assumed the slope 
coefficient a4 equaled one. When a4 = 1, G3 = 

0.86 with 90% confidence limits of 0.79 < a3 
< 0.91. On the basis of the Trachurus data 
alone there seems to be little or no difference 
between the use of unity for the slope coefficient 
or use of the estimated value of 0.86. The simi- 
larity in the two estimates is apparent when 
the actual fish lengths a re  substituted into the 
two equations and the two sets of slopes are 
compared (Table 2, columns 1 and 2 ) .  

We fitted the Case I model to four additional 
species to determine the extent they differed in 
the length coefficient for the slope in the speed- 
tail beat frequency relationship. Used in this 
comparison were data we collected on Scomber, 
and data presented in scatter plots of velocity 
and frequency for individual Carassius, Salmo, 
and Leuciscus by Bainbridge (1958). We used 
the X Y  digitizer to transcribe Bainbridge's data 
onto cards. We may have failed to interpret 
correctly some of the overlapped points in his 
graphs but the effect of these errors on the sta- 
tistical parameters we estimated would be ne- 
gligible. We did not use the data presented by 
Magnuson and Prescott (1966), Yuen (1966), 
or Fiers the and Walters (1968) because in these 
studies the absolute speeds and the lengths of 
the fish were unknown. 

Our estimates of the slope coefficient for the 
speed-tail beat relationship, C4, varied from 0.76 
in Salmo to 1.22 in Carassius, and the 90% 

TABLE 2.-Slopes for the speed-frequency relationship for individual Trachuw 
when the general relationship is slope = 1.28 Lo.se (Case I) and when slope = 
0.86L (Case 11) ; estimated minimum speed (V,) for each fish when Vo = 0.80L213; 
lowest observed test speed (Vobs) ; the minimum tail beat frequency (F,)  estimated 
by substitution of V, the Case I1 equation for each fish; and the lowest observed 
tail beat frequency (Fobs) .  

4.5 
6.4 
7.9 
8.3 
9.4 
10.7 
13.2 
16.4 
22.8 
23.7 
25.0 
25.8 
27.0 
27.7 

4.67 
6.32 
7.57 
7.90 
8.79 
9.83 
10.98 
14.19 
18.84 
19.48 
20.39 
20.95 
21.78 
Z.27 -- 

3.87 
5.50 
6.79 
7.14 
8.08 
9.20 

1 1.35 
14.10 
19.61 
20.38 
21.50 
22.19 
23.22 
23.82 

2.19 
2.77 
3.19 
3.30 
3.59 
3.92 
4.51 
5.21 
6.50 
6.67 
6.91 
7.06 
7.28 
7.40 

14.9 
18.9 
24.0 
24.0 
15.1 
15.0 
15.0 
19.0 
18.9 
24.1 
19.8 
24.7 
31.4 
19.0 

2.41 
2.14 
2.00 
1.97 
1.88 
1 .e1 
1.68 
1.56 
1.40 
1.38 
1.36 
1.35 
1.33 
1.32 

7.77 
6.60 
6.75 
6.68 
5.22 
4.18 
2.91 
3 56 
218 
1.86 
2.46 
2.11 
2.16 
1.78 
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I = al La¶ + aI L F Species 

support-plane intervals for b, in all species in- 
cluded unity (Table 3). Clearly if a common 
slope-length coefficient exists among these spe- 
cies, it  must be close to 1. We conclude the 
assumption of unity for the slope-length co- 
efficient is an  acceptable practice and that it 
appears to introduce no significant bias in the 
species studied. 

We now turn to the problem of estimation 
of the length-dependent coefficient for the in- 
tercept of the speed-tail beat relationship, that 
is, 3. We. noted previously that the biological 
significance of the existence of an intercept dif- 
ferent from zero in the speed-frequency rela- 
tionship may be that fish have a minimum speed 
below which they cannot swim by movements 
of the caudal fin. If we assume that the inter- 
cept is a function of the minimum swimming 
speed of a fish we can make an independent esti- 
mate of the intercept coefficient using an equa- 
tion derived by Magnuson (1970) for estimation 

90% support-plane 
i n  tewa I1 

of the minimum swimming speed (VO) of E. 
uffinis. A somewhat simplified form of his equa- 
tion is: 

where De is 1.025 (the density of sea water), 
Df is the density of the fish, g is 980 cm/sec 
(the acceleration of gravity), M a  is mass of 
fish in air, Cu is the coefficient of lift for the 
pectorals (assumed to equal I), Aft is the total 
lifting area of the extended pectoral fins in 
square centimeters, and p is the density of sea 
water, 1.025 g/cc. If we let Ma = 0.004407 
L3.2*15 (the length-weight relationship for T. 
syrnmebricus, N = 264, unpublished data, Na- 

Srombn japorirur Y = - o . s L O . ~ ~  + 1 . 2 0 ~ O . ~ ~  F 

Lcnrirrur Ieucirrur' I = -3.36L0'40 + 0.80L0'08 F 

Salmo Eairdnrris Y = - 1 . n l . O . ~  + 1.40Lo.'8 F 

Carasriur auratura Y = - - 0 . 1 2 ~ ~ . ~ ~  + 0 . 4 o ~ l . ~  4 F 

0.73 <a'.< 1.82 
0.72 <a,< 1.01 

-160.78 <a,<159.66 
-84.14 <a1< 85.25 
-8.15 <a,< 10.57 

s,,, = 11.41 

-1.46 <a,< 3.13 
r,,, = 21.42 

-14.95 <a,< 8.24 
-0.84 <a,< 1.65 

0 4 7  <a,< 1.12 
0.8- <a,< 1.12 

-14.79 <a,< 11.26 
-0.70 <a,< 2.97 

0.33 <%< 2.46 
0.52 <a,< 1.m 

-0 .89  <q< 0.64 
-0.50 <a,< 3.53 

0.17 <as< 0.63 
1.01 <a,,< 1.44 

ru, = 7.81 

r,,, = 14.16 

I", = 5.54 -, 

1 Simultaneous confidence intervals for all parameters (Conway, Glass, and Wilcox, 1970). * Data from Bainbridge (1958). 

I- __ -- ----_ 
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tional Marine Fisheries Service, La Jolla, Calif.), 
Area = 0.02811L1.Q124 (lifting area of pectorals 
of T.  symmetricus was equal to twice the pec- 
toral fin area), and Df = 1.03 (the density of 
T .  trachurus from Alexander (1959b) , a closely 
related species to T .  symmetricus), we obtain 
an estimate of Vo = 0.86L0.= for Trachurus. 
This value is considerably below 10L0.50 obtained 
for Euthynnus by Magnuson (1970). The min- 
imum swimming speed of Trachurus would be 
expected to be lower than that of Euthynnus be- 
cause Euthynnus lacks a swim bladder and has 
a high specific gravity. Indeed, the minimum 
speed of Euthynnus is close to the endurance 
speed of many fishes with swim bladders (Mag- 
nuson, 1970). 

In all other species except Carassius estima- 
tion of minimum speed was not possible because 
we had few or no estimates of the variables 
required in Magnuson's equation. In  CarassiuS 
we used the specific gravity for carp, 1.002 g/cc 
(Alexander, 1959a), the pectoral fin area re- 
lationship of Area = 0.02811L1.Q124 from data we 
collected on seven Carassius 4.6 to 22.5 cm total 
length (the lifting area of the pectorals equaled 
twice the pectoral fin area) and the length- 
weight relationship of Ma = 0.0065L3.20 for the 
seven Carassius. The estimate of minimum 
swimming speed Vo for Carassius from these 
data was O.87Los5. This estimate was nearly 
the same as the one estimated above for Tra- 
churus and it had the same coefficient of length. 
Thus, in Trachurus and in Carassius the min- 
imum speed coefficient of length or, in our 
equation, the intercept coefficient z2, was 0.65. 

That the length coefficient for the intercept 
was the same in Carassius and Trachurus sup- 
ports the basic assumption of the Case I1 model, 
that is, the existence of common length coefficient 
among different species. To further test this 
assumption we estimated the intercept coeffi- 
cient by fitting the combined data from all five 
species listed in Table 3 to the reduced Case I1 
model 

V = alLaa + % L  * F 

The estimate a2 for the combined data was 
0.68 with 90% confidence limits of -0.56 <a2 
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<1.92. Although the limits were wide, the 
estimate was very close to the other independent 
estimate for Carassius and Trachurus and sug- 
gests that the true value may be close to 2/3. 

The evidence we presented supported the use 
of the Case I1 equation and the use of 2/3 for 
the length-dependent coeficient for the intercept 
function and of unity for the length-dependent 
coefficient of the slope function. Thus, we fit 
the reduced Case I1 model 

V = a1L2/' + a2L * F 
to the data from each of the five species listed 
in Table 3 and to that from two additional species 
Triakis and Sardinops for which we had a small 
number of observations. The resultant equa- 
tions were useful nonbiased predictive models 
for the estimation of speed (V) from length 
(L) and tail beat frequency ( F )  in each spe- 
cies (Table 4) .  The regression lines for these 
equations do not pass through the origin, how- 
ever. They cut the abscissa before zero and 
consequently the intercept terms are negative. 
We pointed out previously that we believe the 
existence of a negative intercept in the raw 
data implied that the fish had a minimum swim- 
ming speed below which they cannot swim by 
beating only the caudal fin. Thus, to make the 
model more biologically meaningful we adjusted 
the elevation of the intercept function to cor- 
respond to the theoretical minimum swimming 
speed, Vo. (It should be remembered that the 
length-dependent slope of VO was about the same 
as the length coefficient, a2, and it was this simi- 
larity that led us to use 2/3 as the intercept 
coefficient.) 

To express the Case I1 model in terms of min- 
imum speed we used VO estimated from Mag- 
nuson's equation to solve f o r , a  minimum tail 
beat frequency, Fo, and expressed the final re- 
lationship in the form 

v - vo 
L 

= KF - Fo. 

In species other than Trachurms and Carassius, 
a theoretical estimate of VO was not possible 
and consequently we assumed Vo was propor- 
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v = a, ~ ~ 1 3  + U,L F Species 90% support;plane 
interval 

~~ 

'Simultaneous confidence intervals for all parameters (Conwoy, Glass, and Wilcox, 1970). 
*One deviant fish omitted; if fish included V = -O.53L2l3 + 0.66L F, and ivt = 21.31. 

tional to L2I3. The elevation of the line relating 
Vo to length for a species was estimated by as- 
suming that the lowest observed speed fell on 
that line. For Trachurus and Carassius we 
recalculated the elevation for a slope of 213. 

Our estimates of Vo and Fo were not definitive. 
For Trachurus no fish were tested a t  speeds 
close to the theoretical minimum. Our esti- 
mates based on the theoretical minimum speed 
were closest to the observed minimum speeds in 
fish 9.4 cm total length and larger (Table 2) 
because in these larger fish the test speeds were 
sufficiently low for fish to swim with pectoral 
fins fully extended, an event that occurs near 
the minimum swimming speed (Magnuson, 
1970). For Carassius the agreement between 
the theoretical estimate of minimum speed and 
observed minimum speeds was better (Table 5) .  
The explanation for this is that the techniques 
used by Bainbridge (1958) permitted estimates 
a t  much lower speeds than the one we used. 
These data clearly show that in neither Trach- 

urus (Table 2) nor Carassius (Table 5) was 
either VO or Fo seriously overestimated. We feel 
that our estimates for these two species were 
reliable. 

The fit to the general equation was good in 
all species (Figure 5, Table 6) .  The intercept 
for the regression line did not differ from zero 
and the scatter a t  low velocities was less than 
it was when no intercept correction was used 
(see figures in Bainbridge (1958) for compar- 
ison). The regression coefficient, K ,  in our equa- 
tion differed among species. For the five species 
for which significant data were available, i t  was 
the highest in Trachurus and lowest in Salmo. 
Since amplitude was a constant, these results 
implied that the speed output per beat of the 
caudal fin was greater in Trachurus and Scomber 
than it was in Salmo and Carassius. In  Scomber, 
the coefficient, K,  may be uncertain because the 
values of one of the five fish tested deviated con- 
siderably from the rest. In Figure 5, all of the 
values to the right of the regression line above 
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FIGURE B.--Relationship between swimming speed corrected for minimum speed over length and tail beat fre- 
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Salmo, and Carassius from Rainbridge (1958). Graph at lower right shows individual regression lines for all 
above species, equations for lines are given in Table 6. 
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Length 
(cm) 

Table 5.-Slopes for the velocity-frequency relationship 
for individual Carassius studied by Bainbridge (1958) 
when the general relationship is slope = 0.68L; esti- 
mated minimum speed when Vo = O.81Lx/'; observed 
minimum swimming speed (Vobs) ; the tail beat fre- 
quency F, estimated by substitution of V,, into the cor- 
rected slope equation; and the lowest observed tail beat 
frequency (Fobs).  

b = 0.66L Yo = 0.81LWs 'YObs Fo = 2 . 2 2 ~ - ~ ' ~  Fobs 

6 -  

- 5- 
a 

- 
E 
W 
P 

4 -  
-I 
0 

I3-  

1 Data from Bainbridge (1958). 

TABLE 6.-Minimum speed (V,) , minimum tail beat fre- 
quency (F,), the coefficient K in equation V - V ,  = 
L(KF - F,) arranged in order of K .  

species N YO I Fo K 

Triaku hrnlri 6 0.15LV3 l.66L-u3 0.93 

Trarhurui symnrtricus 176 10.80LV3 3.98L-lI3 0.83 

Srombrr japonicw '61 l.31Lz'3 3.51L-l13 0.82 

Lcuriscus Iruriscus' 149 0.67L2/3 3.04L-1/3 0.74 

Cararsius auratusa 1 1 1  ~ o . s I L ~ / ~  2 . 2 2 ~ - ' / ~  0.66 

Salmo cairdnnia 109 0.52LW3 2.81L-v3 0.64 
Sardinops sagax 9 2.23L2/' 3.48L-v3 0.50 
1 Yo theoretical estimate based cn equotion of Magnuson (1970). 
1 One deviant fish omitted; if fish included, N = 74, K = 0.66. * Original data from Balnbridge (1958). 

- 

4 beats/sec on the abscissa were from this single 
deviant fish. If the deviant fish is included K = 
0.66, but if not, K = 0.82. We are  inclined to 
use K = 0.82 because the values for the four 
fish were very similar and the protocol indicated 
that the deviant fish may have been overly fa- 
tigued when tested. Triakis appears to have 
a relatively high coefficient but not too muyh 
significance can be attached to the exact value 
for Triakis or for Sardinops because these were 
based on so few measurements. 

In sum, the speed-tail beat equation (Case 11) 
-Table &was biologically as well as statisti- 
cally relevant, was sensitive to specific differ- 
ences in swimming behavior, provided an un- 
biased correction for length, and made possible 
a more accurate estimation of swimming speed 
from tail beat frequency than heretofoie has 
been possible. 

TAIL BEAT AMPLITUDE 
We pointed out previously that tail beat ampli- 

tude was a corkstant and was directly propor- 
tional to length and consequently the size coeffi- 
cients for amplitude are probably the same as 
those for length. Thus amplitude (A) in centi- 
meters can be substituted for length in the ori- 
ginal Case I1 equation V = a14V3 + * F. 
When this was done for T r a c h u w  using all 
individual amplitude values ( N  = 176), we ob- 
tained the equation; V = -6.5767A213 + 
3.56374 * F. The amplitude coefficient may 
be also estimated by substitution of the ampli- 
tude-length relationship for Trwhurus  (A = 
0.23177L), into the Case I1 equation. 

The tail beat amplitude data collected by 
Bainbridge (1958) were insufficient for specific 
estimates of an amplitude coefficient. The mean 
amplitudes for each of the fish we studied and 
for each of those studied by Bainbridge were 
nearly the same, when adjusted for body length. 
Variation within a species was as great as that 
between species (Figure 6) .  The relationship 
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FIGURE 6.-Relationship between mean tail beat ampli- 
tude and length for every fish we studied and all those 
studied by Bainbridge (1958). A 0.21L. 

between mean tail beat amplitude and length 
for all species combined was A = 0.21L. 
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DISCUSSION 
In all previous studies speed was divided by 

length then related to tail beat frequency. In 
our data when speed was converted to body 
lengths per second the relationship between 
speed and frequency was nearly identical to that 
given by Bainbridge (1958) for Carassius, 
Leuciscus, and Salmo The confidence intervals 
for the slopes in the speed-frequency relation- 
ship in Euthynnus and Thunnus (Yuen, 1966) 
and in Sarda (Magnuson and Prescott, 1966) 
overlap the slope in the Bainbridge equation and 
the ones for Truchurus and Scomber when the 
body length conversion is used. Thus, when 
speed is in body lengths per second, the relation- 
ship between it and frequency is about the same 
in all fish studied to date from goldfish to mack- 
erel and is adequately described by the Bain- 
bridge equation V / L  = bf .  Thus the Bainbridge 
equation provides a description of the average 
relationship for fish in general but little sig- 
nificance can be attached to specific differences 
in slope. If more than a rough estimate of 
speed is required or if specific differences are 
important, or if estimates are needed near the 
minimum swimming speed it would be neces- 
sary to use the equation developed in this study. 

Bainbridge (1958) concluded from his data 
that the frequency-speed relationship was curvi- 
linear below a frequency of about 5 beats/sec 
because fish modulated their tail beat amplitude. 
His evidence for this conclusion was that in 
some fish amplitude appeared to decrease a t  low- 
er  frequencies, and that the distance per beat, 
calculated by dividing speed by frequency, de- 
clined a t  frequencies below 5 beats/sec but was 
constant above that frequency. His evidence 
for amplitude modulation a t  low speeds was 
weak. In the three Sulmo studied no trend ex- 
isted; in Curassius he suggested there might be 
a decrease in amplitude in one of the two fish 
studied, and in one of the two Leuciscus studied 
a trend existed slightly stronger than the one 
in Carassius. In sum, the evidence for a de- 
cline in amplitude measurements was based on 
possible trends in two of the seven fish studied. 
Two fish could easily give a misleading picture 
of the general trend in the data, especially when 

the variability in amplitude measurements are 
considered. In our studies we measured the tail 
beat amplitude in every fish a t  all possible speed 
levels and no evidence existed for a consistent 
change in amplitude with speed. 

In Bainbridge’s data the departure of distance 
traveled per beat from a constant a t  low fre- 
quencies was caused by the division of speed 
by frequency. Had the line relating frequency 
to speed passed through the origin, no bias 
would have existed but because the line inter- 
sected the abscissa a t  about 1 beat/sec division 
by frequency produced an artificial curvilinear 
trend a t  lower frequencies. We produced the 
same trend in distance per beat in our data 
by dividing speed by frequency but the trend 
was eliminated when a correction for the in- 
tercept was used. Thus the curvilinear trend 
in distance per beat in Bainbridge’s data was an 
artifact caused by the method of calculation 
and consequently distance per beat was a con- 
stant a t  all frequencies. In addition, the appar- 
ent nonlinearity below 5 beats/sec in his graphs 
relating speed divided by length to frequency 
was also the result of the same intercept problem. 
Therefore, no evidence exists for consistent 
amplitude modulation a t  any speef range and 
speed appears to be related onlyi to tail beat 
frequency and length in the species studied by 
Bainbridge (1958) as well as in the ones we 
studied. We concluded that during steady swim- 
ming a t  any speed, tail beat amplitude is a 
constant proportion of body length of the order 
of 0.21 L. 

That the mean amplitude during steady swim- 
ming was constant does not mean that amplitude 
is not modulated under certain conditions. It 
is widely known that fish modulate tail beat 
amplitude when they accelerate (Gray, 1968). 
Further, we had the impression that some of 
the variability in the speed-frequency relation- 
ship was caused by differences in amplitude. 
These differences were infrequent and irregular 
in occurrence and consequently we were not able 
to evaluate them statistically. We are inclined 
to believe, however, that fish occasionally made 
minor adjustments in amplitude and frequency 
over the entire range of speeds, but these adjust- 
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ments were merely individual deviations from 
the general relationship we have described. 

We do not wish to detract from the original 
and important con t r ibu t ion  of Bainbridge 
(1958), by emphasis on the differences between 
his and our conclusions. His basic conclusions 
and equations were not greatly different from 
our own. We were able to examine more closely 
the form of the relationships he described be- 
cause of a larger sample size made possible by 
the availability of automatic film analysis equip- 
ment and because of the existence of his data 
in the literature. 

The question of species-specific size effects re- 
mains unresolved. In our general model a good 
fit was obtained in seven species when the min- 
imum stalling speed was proportional to L2I3, the 
frequency a t  this minimum speed was propor- 
tional to L-'I3, and the slope coefficient was pro- 
portional to L1.O. A comparative study on speed- 
related size effects in fishes would certainly be 
of value. 

It also remains to be resolved whether or not 
it was appropriate to apply the minimum swim- 
ming speed equation developed by Magnuson 
(1970) for Euthynnus afink, a fish that lacks 
a swim bladder, to such a broad assortment of 
species. The equation implies a functional re- 
lationship between minimum speed and hydro- 
static equilibrium and implies existence of neg- 
ative buoyancy at minimum speeds. We do not 
know if these relationships exist in all species; 
nevertheless his equation did provide a reason- 
able estimate for minimum speed and it func- 
tioned well in our equation. 

The relationship between swimming speed 
and tail beat frequency we have described could 
be used in any application where i t  is necessary 
to measure swimming speeds of fish. For ex- 
ample, a sonic internal tag could be developed 
that telemetered tail beat frequency and thus 
the speed of free-swimming fish could be mon- 
itored continuously over extended periods. 

The tail beat frequency-speed relationship 
could be used for size or species identification 
using Continuous Transmission Frequency Mod- 
ulated sonar as suggested by Hester (1967). 
The increase of speed with frequency (our K 

value) varied from species to species and thus 
might be used for identification. If size were 
known, the minimum observed velocity would 
provide additional information for identification. 
Alternatively, if the species were known, min- 
imum (or maximum) speed would provide an  
indication of size. The equation could also be 
used to estimate size from tail beat amplitude, 
but caution should be exercised because in our 
study amplitude was not modulated and conse- 
quently, we do not know whether or not speed 
and tail beat amplitude are linearly related 
within an individual. 
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