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TO The Ediror oj' Bioirierricx 

0 t I Jet iset i 's C 'O ti ipu ris 011 01' Log is1 ic E y ua I ions jo r Popula I ion Grow f h 
In  a recent issue of th is  Journal. Jensen (1975) cornpiired direrent logistic equations of population 

growth and iipplied ;I production model to d;ita on hrook trout. He arrived u t  several conclusions. 
which we believe are unwarranted and caused hy errors of several types. These errors are discussed here 
in the order in  which they occurred i n  Jensen's paper. 

First. Jensen iniippropriatel) used ;I deriv;ition of equation ( I  ), $) = rN (v). (Pieloti 1969) l o  
arrive nt the conclusion that equation (2) .  # = hN (9). i s  iiiore realistic than equation ( I )  ;is i t  
describes the birth and death processes more realisticolly. He did this by using and extending Pielou's 
derivation to show that the limit of the hirth rate. X ( N )  = a,  - h , N .  and the death rate. p ( N )  = u2 t h 2 N .  
;IS the population reaches equilibrium is 0. This result was obtained because Jensen niicinferpreled 
Pielou's analysis. Pielou stated in  her proof that ;IS "the population reaches equilibrium :it the 
saturation level. the hirth rate and the death riite are equal" (page 22). This statement does not  exclude 
the possihility that both the birth and death rates ;ire iero: however. Pielou omitted t h i s  condition b> 
defining u , .  uz > 0 arid h, .  h, 2 0 for X ( N )  and p ( , Y ) .  Therefore, since the death r:ite is a l ~ a v s  greater 
than iero. the hirth nnd death rates could never he iero and equation ( I )  still gives ;I reiilistic hiological 
out co me. 

Second. Jensen was apparently iiniiwiire of Pielou's delinition of X(N)  and p ( N )  ;IS linear functions 
;IS he defined A(N)  and ~(11') ;is nonlinear functions Lind showed t h a t  the growth equation nil1 never he 
logistic. He stated that there are three cases in which an equilibrium between births and deaths can be 
approached: A) a constant instantaneous birth rate per individual and an instantaneous death rate per 
individual which approaches the birth rate as the carrying capacity is approached, B) a constant 
inskintaneous death rate per individual and ;tn instanfirneotis hirth rate per individual w hich :ip- 
proaches the death rate as the carrying capacity is approached, and C )  an instantaneous birth and death 
rate per individual which approaches ;I constant value ;IS the carrying capiicity is reached (Wriglc! 
1969). Jensen. h! delining h ( N )  Lind p ( N )  ;is linear functions. showed that Case A gives the logistic 
equation. Then h> choosing IHO non-linear functions lor A(N)  arid p ( N )  in C~ises R and ('. hc concluded 
that onl) i n  .Case A w i l l  the growth equation of  ;I population be logistic. This conclusion is not true. 
Pieloti's derivation gives ;ill three of these cases i n  her generali/ed equations for h ( N )  and p ( N )  and. ;is 
long ;15 X ( , 1 )  ;ind p ( h )  ;ire Iineiir. the growth equation Hi l l  always he logistic. 

F'in:ill~. Jcnsen's applicaticin of  the production model to dxta on hrook t r o t i t  (McFaddrn. Aleuari- 
der and Shctter 1967) cont~iined ;I number oferrors. The data of  McFadden ci ul.  started wi th  the 1949 
cohort. uhich Jenscn used xiid hhelcd erroncod!  ;IS the 1947 cohort. He ;i Iso stated that the 
instantaneous lishing mortalit) rate u ;is estiiii;itt'd ;is /' = 0 . 3 5  by McF;idden ci ul. A c t u u l l ~  McFadden 
ci  u/.  est imated a n  ;inriu;il fishing mortality rate of0.35 H hich is not the same ;I\ an ins~antaneous rate. 
Furthermore. Jcrisen used ;I group of equations utili/ing d;it:i from the l i l c  table of a n  exploited 
poptilaticin to estimate r .  the intrinsic rate of  population incrciise. which he then equ;ited to the 
piiraiiicter /, i n  the logistic surplus production model. His estimate of  r was incorrect since i t  should 
have hecrl dcrived from d;ita generated h y  a n  tiricuploitctl poptilatiori. As ;I restill his estinicite ol' the 
intrinsic rate o f  poptilation increase uxs negative a n d  his results from the production model analksik 
we re u 11 re;is(i n ;I h I e ,  

W'c have s h o ~ n  t h a t  errors iii interpreting ;ind extracting data from published sources :IS w e l l  ;IS 

misintcrpret~iticiiis (11'  analyticiil result5 led Jenscn ( t i  unwarr;intcd conclt~sioiis. We hope !hi \  letter 
;icccinipanied by Jensen's response will provide ;I ckirer  understanding of the logistic growth equation. 
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The author replied as fbllows: 

I assumed that because X(N)  = b - bN/K  and p ( N )  = d - dN/K  gave dN/dt  = r N  - d N 2 / K .  that 
these were the birth and death rates per individual for equation ( I ) .  As stated by Coan and Francis this 
is not a valid argument because other expressions for X(N) and K ( N )  also lead to the equation dN/dt = 
r N  - rN2/K. As a result, 1 d o  not succeed in showing that the birth rate and death rate i n  equation ( I  ) 
approach zero ;IS the carrying capacity is approached. 

I still think the meaning of equation ( I )  is unclear. To derive equation ( 1  ) from equation (6) i t  must 
be assumed that a ,  - a2 = r .  My analysis shows that al  - a2 is not the instantaneous rate of increase per 
individual a s  this would mean that the maximum sustninable yield of every fish population is /era. I t  
often is assumed that a,  ~ a, is the maximum instantaneous rate of increase per individual but in the 
logistic equation the instantaneous rate of increase per individual,&&,has no maximum for N > 0. At 
best it can be said that a ,  - a2 can be approximated by determination o f  r in a n  "uncrowded condition." 
The  parameter a,  - a2 relates the instantaneous rate of change per individual. which is ;I function of 
population sire. to the degree of saturation. 

I did not realire that c~ises A .  B and c' could be described by equation (6) .  As a result of the 
equations I used for X ( N )  and p ( N )  I incorrectly concluded logistic growth occurred only in case A .  If 
equation (6 )  is applied. the growth equations for all three c;ises ;ire logistic but ; i l l  a re  of somewhat 
different form. Only the parameters of  the equation dN 'di = bN - h N 2 / K .  which is obtained in case A 
i f  a, = 0. can be estimated directly from ;I life table. This appears to he the o n l y  case i n  Mhich the 
parameters u , .  a2.  h, kind h, can be identified directly in terms of r. b and d. 

McFadden. Alexander Lind Shetter (1967) estimated the annual lishing mortalit! of ages 0-1 ;IS 23.6 
percent and the ;innuill fishing niortality of ages 1-11 ;IS 35.1 percent. Fishing mortality f o r  other age 
groups could n o t  be determined but most lish caught by anglers were aged 0-11. I t o o k  the simple mean 
of 23.6 and 35 .  I to obtain an i innu;il  mortality o f  29.3 percent uhich gives a n  instantaneous mortalit! 
coefticient of a b o u t  0.35 stated in my paper. I f  I use 35  percent ;IS the annual niortality I obtain a n  
instantaneous fishing nior'ality coefticient of 0.43 \% hich is even closer t o  the optinitini w l u e  of 0.47 
calculated from the surplus production model based on the equation cl,Vlclt = hN - hN' /K .  

The life table I used is the 1949 life table ;IS stated b l  Coan Lind Francis and not the 1947 life table ;IS 
I stated in m y  paper.  

Exploitation is irrelevant a s  concerns estiniiitioii o f r  from ;I life table. Lotka shoned that i f  the birth 
rate per individual mid the death rate per individual are constant. the population growth equation 
converges to the equation cl.V/d/ = rR.'and he provided ; i n  equation f o r  c;ilculation o f r .  N o  statenient is 
made concerning the source5 of niortxlit) (Ke!fit/ 1968). For the brook trout population the mortalit\. 
and fecundit! appear to have been constant f o r  m a n j  years :ind the p;irametcrs o f t h c  eclti;itioti dN/dr  = 
bK - h W / K  c;in be calcul:itcd from ;I life table. 
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