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One of the assumptions of line tran- 
sect sampling is that movement of 
animals being counted is not in re- 
sponse to the approaching vessel 
before the animals are detected 
(Burnham et  al. 1980). By observ- 
ing from a helicopter the reaction of 
dolphins to an approaching survey 
vessel, Au and Perryman (1982) and 
Hewitt (1985) demonstrated that 
dolphin schools can detect the ap- 
proach and maneuver to attempt 
to avoid detection. Because it may 
be that dolphin exhibit forms of 
optimal behavior (Au and Weihs 
1980), it is of interest to determine 
whether there is a direction the 

dolphin should take that maximizes 
their distance to the vessel at the 
point of closest approach and, if 
there is such a direction, to deter- 
mine whether dolphin use it. If this 
is so, this may be the way of deter- 
mining through aerial means when 
dolphin first react to an approach- 
ing vessel and whether it is after 
they are detected by a shipboard 
observer. 

Since the advent of purse-seine 
fishing in the eastern tropical Pacif- 
ic in 1959, dolphin that associate 
with yellowfin tuna (Le., primarily 
Stenella attenuata, S. longirostris, 
and Delphinus delphis) are chased, 
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Figure 1 
The vessel traveling at speed V, and the dolphin traveling 
at V, as seen in the stationary frame of reference. The direc- 
tion (I is the one chosen by the dolphin. Distance f is the perpen- 
dicular distance between the initial position of the dolphin and 
the projected path of the vessel, while a+f  is the distance 
between vessel and dolphin when the dolphin is abeam. 

caught in nets, and sometimes 
drowned (Perrin 1968, 1969). 
Stuntz and Perrin (1979) reported 
that these species of dolphin are 
more difficult to capture in areas 
where purse-seine-vessel fishing 
effort has been greatest, imply- 
ing that evasive behavior may be 
learned. It has also been reported 
by Au and Perryman (1982) that 
evasive maneuvers by dolphin upon 
approach of a vessel sometimes 
begin at  a distance that is approx- 
imately the shipboard observer’s 
horizon. Because the visual horizon 
of even a leaping dolphin is shorter 
than that of a shipboard observer, 
it is likely that they are reacting to 
the vessel sound. It is therefore 
plausible that by experiencing re- 
peatedly the approach of such ves- 
sels, dolphin not only have learned 
to evade but do so optimally by 
choosing through trial and error the 
direction of escape, if it exists, in 
which the noise amplitude increases 
the least. Because the attenuation 
of sound is proportional to the dis- 
tance transversed by it, escaping 
from a sound source in the direction 
where the amplitude increases the 
least is the same direction that max- 
imizes the distance between a uni- 
formly-moving source and receiver 
a t  the point of closest approach. 

Here, we formulate the following 
problem: Upon detecting the ap- 
proach of a vessel, a dolphin at- 
tempts to avoid detection by re- 
treating. If the velocity of the vessel 
is VB and that of the dolphin is VD , 
is there a direction in which a dol- 
phin can escape to maximize its 
distance from the vessel a t  the point 
of closest approach (Fig. l)? And if 
so, what direction is it? We will 
show that there is such a direction: 
If a is the angle between VB and 
VD , the angle a = arccos(VD NB), 
where VB and V, are, respectively, 
the speeds of the vessel and the 
dolphin, will maximize the distance 
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between vessel and dolphin at the point of closest 
approach. 

Finally, to ease the task of data analysis by whoever 
makes the necessary observations, we have derived the 
expressions that relate dolphin speed and direction to 
their range and bearing from the vessel. In a artesian 
coordinate system let V, and Vy be, respectively, the 
x and y components of the dolphin velocity minus, 
respectively, the x and y components of the vessel 
velocity. Both V, and V, are constructed using range 
and bearing measurements of the dolphin from the 
vessel. Then VD=[(V,+VB)~+V,~]~ '~ and a=arctan 
[vyI(vx  + vB)l- 

Problem solution 

As stated in the formulation above, the problem makes 
sense only for the case VD < VB . With reference to 
Figure 2, to maximize the distance between vessel and 
dolphin at the point of closest approach, we must find 
the maximum value of rmin with respect to angle 0 9  
a<n. 

For the purpose of the following exposition, we 
define initial position to be that position of the vessel 
(or the dolphin) at the time when the dolphin detects 
the approaching vessel and begins evasion. Initial time 
is the time corresponding to the initial position. 

In Figure 2, at the point of closest approach the 
distance between vessel and dolphin is given by 

rmin = (a+f) cos p, (1) 

where OSpbn12, f is the perpendicular distance be- 
tween the initial position of the dolphin and the pro- 
jected path of the vessel, and (a+f) is the distance 
between vessel and dolphin when the dolphin is abeam. 
The vector diagram of Figure 2 shows that the ap- 
parent track of the dolphin as seen from the vessel is 
a function of a, the direction of escape of the dolphin. 
Therefore, to solve the problem as posed, we must find 
the extreme value of Eq. (1) with respect to angle a. 

By computing the derivative with respect to a of Eq. 
(l), we find that rmin is rendered an extreme value 
when 

dl3 (2) - -  dr& - cosp- - (a+f)s inp-  da 
do da do 

vanishes. Depending on the functional dependence of 
a and /3 on (I, an equation of the form of Eq. (2), could 
vanish either term by term or by cancellation of the 
terms. For the former case, each term could vanish 
trivially (i.e., a and /3 are independent of a), or non- 
trivially (i.e., both a and /3 are rendered extreme values 
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Figure 2 
The apparent motion of the dolphin as seen in the moving 
frame of reference of the vessel. The apparent velocity V of 
the dolphin is the resultant of the vector addition of -V, 
and V, . Distance f is the perpendicular distance between the 
initial position of the dolphin and the projected path of the 
vessel, while a + f  is the distance between vessel and dolphin 
when the dolphin is abeam. 

with respect to a simultaneously). 
In Figure 1, cis the distance along the projected path 

of the vessel between the vessel's initial position and 
the point that is abeam of the dolphin's initial position. 
Let tc be the time it takes the vessel to transverse 
distance c, and t that time from the initial time until 
the vessel has the dolphin abeam. From the applica- 
tion of the Pythagorean Theorem we can deduce 

(vDt)z = a2 f [vB(t-tc)]'. (3) 

Because 

a = VDt sin a, (4) 

it  can then be shown by substitution of Eq. (4) into Eq. 
(3) that 

(5) 
t C  

1 - (~D/VB)  cos a 
t =  

By substituting Eq. (5) into Eq. (4), we find that as a 
function of a,  a is given by 

Because at least a is a function of a,  we can conclude 
that in general Eq. (2) does not vanish trivially. How- 
ever, p is also a function of a as can be deduced by the 
application of the Law of Sines to Figure 2: 
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sin a /3 = arctan [ (5) 
VB ~ - ( V D N B )  COS a 

Next we investigate whether Eq. (2) vanishes non- 
trivially. Computing the derivative with respect to a 
of Eq. (6), we get 

which vanishes only if 

(9) 

Noting the similarity between a and /3 given respec- 
tively in Eq. (6) and (7), we can easily and simply ex- 
press one in terms of the other. Writing 

(10 

the derivative of /3 with respect to a is given by 

d/3 cos2 /3 d a  
du VBtc d a  

- (11) - - ___ 

Substituting into Eq. (2) the equivalence of Eq. (ll), 
we find that 

d a  

which allows us to conclude that rmin is extreme at the 
point u = a o  because, as we found in Eq. (8), a is ex- 
treme at that point. However, as can be appreciated 
in Eq. (12), there may be other points where r- is ex- 
treme. We now investigate whether r ~ , ,  is extreme 
for values of a other than ao. 

Other extreme values of rmin may be attained if 

cos f i  = 0 (13) 

(14) 
or 

(a+f) sin /3 cos /3 = VBt, 

are physically realizable. Eq. (13) is satisfied for p= 
naI2 (n=1,3,5, ...), and of these only /3=n/2 concerns 
us. It corresponds to the upper limit of the physically 
realizable range of 0</3<nl2, and represents the un- 
interesting case VD=VB (Le., ao=O) which is the 
trivial special case of this problem: rmin is rendered 
constant when VD=V, (i.e., the dolphin swims with 

the same velocity as the vessel), so the vanishing of Eq. 
(2) is trivially satisfied. 

In Eq. (14) let f = 0. This limit will not diminish the 
generality of the solution. The direction a dolphin 
should take to maximize its distance to the vessel at 
the point of closest approach will not depend on how 
close the dolphin is initially to the projected path of the 
vessel. So without loss of generality we investigate if 
there is a physically realizable angle /3 such that 

a sin /3 cos /3 = VBtc (15) 

is satisfied. With the result from Eq. (10) and the iden- 
tity tan /3 = sin 0 cos- 8, Eq. (15) can be expressed as 
the condition sin /3 = f 1 which is satisfied by the same 
uninteresting case that satisfies Eq. (13). Therefore, 
we can conclude that the nontrivial extreme value 
attained by rfin at a=ao is unique in the interval 
O<a<n. 

We only have left to show that the extreme value at- 
tained by rfi,, at a = a is a maximum. Let % and Po 
be the respective values of a and /3 at a =  ao. The sec- 
ond derivative of rfin with respect to a evaluated at 
a=ao is given by 

d2rmin 
do2 

- l a o =  

Because the second derivative of a with respect to a 
evaluated at a = a is 

to determine whether Eq. (16) is negative we must 
show that 

(18) 

We have shown already that Eq. (15) can only be sat- 
isfied for an angle /3 = n/2. Then Eq. (18) is satisfied for 
0</3<n/2. Wehaveseenalreadythat/3=d2whena=O, 
so ddda = 0 at that point also. Therefore, we can also 
conclude that the nontrivial extreme value achieved by 
rfin at a=ao, unique in the interval O<a<n, is amax- 
imum. Because Eq. (2) vanishes term by term, the same 
result is achieved by finding the extreme value with 
respect to a of either /3 or a. 

In conclusion, a dolphin escaping at speed VD at an 
angle a relative to the velocity VB of an approaching 
vessel will maximize its distance to the vessel at the 
point of closest approach if a=arccos(VDIVB). 

sin /3 cos Po < VBtc. 

I- 
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Determination of dolphin velocity 
from range and bearing measurements 

In this section we relate the dolphin velocity to prac- 
tical in situ measurements. We will derive a relation- 
ship between dolphin speed and direction to its range 
O<r<m and bearing 0<8<2n from the vessel that trig- 
gers the dolphin to flight. 

For the times {ti: i=1,2, ..., n} we perform the cor- 
responding measurements {?,ei: i=1,2, ..., n}. It is not 
necessary that the measurements be made from the 
vessel, but with reference to it (e.g., aerial measure- 
ments). However, it is necessary that there be no other 
vessel in the vicinity that perturbs the measurements 
by reaction of the dolphin to its presence. 

The measurements of range and bearing of the 
dolphin from the vessel are equivalent to the cylindrical 
coordinates of the dolphin with respect to the moving 
frame of reference of the vessel. The Cartesian coor- 
dinates - m<x<m and - m<y<- with respect to the 
same frame of reference are determined from 

x = r cos 0 and y = r sin 8. (19) 

Let Ax, Ay, and A t  be, respectively, the increments of 
the variables x, y, and t. For each of the (n- 1) con- 
secutive intervals, we can compute the average speeds 
in the x and y directions by 

Ax AY V, = - and V, = -. 
A t  A t  

These are the components of the dolphins' apparent 
velocity V in the frame of the moving vessel (Fig. 2). 
We can express the dolphin velocity in the moving 
frame as a function of its speed and direction in the 
stationary frame by 

V, = V D  COS a - VB and V, = VD sin a, (21) 

which are a system of two coupled, nonlinear equations 
with VD and a as unknowns. The solution to this set 
of equations is given by 

where we have chosen the positive root, and 

With these results we can compare the (n- 1) time- 
intervals the direction a taken by the dolphin given Eq. 
(23), with the optimal direction given in Eq. (9) com- 
puted from the result given Eq. (22). 
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