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INTRODUCTION 

In fo rma t ion  on the  age s t r u c t u r e  o f  a popu la t ion  i s  o f t e n  used t o  
est imate su rv i va l  by comparing the  number o f  i n d i v i d u a l s  i n  successive age 
classes. Techniques f o r  determining the  age o f  i n d i v i d u a l s  i n  a popu la t ion  
may no t  be a v a i l a b l e  o r  may be p r o h i b i t i v e l y  c o s t l y  o r  t ime consuming. In 
cont ras t ,  c l  ass i  f i c a t i  on o f  i ndi  v i  dual s i n t o  reproduct ion categor ies i s  o f t e n  
eas ier .  I f  some o f  the  reproduct ive s ta tes  are o f  r e l a t i v e l y  constant  
du ra t i on  and data e x i s t  on the  t ime spent i n  these s tates,  c l a s s i f i c a t i o n  
according t o  these s ta tes  can prov ide a s o r t i n g  o f  i n d i v i d u a l s  i n t o  d i s j o i n t  
age groupings and, thus, prov ide in fo rmat ion  on the age s t r u c t u r e  o f  t he  
populat ion.  The accuracy o f  determining the  actual  age s t r u c t u r e  o f  a 
popul a t i  on from reproduct ive c l  ass i  f i c a t i o n s  depends upon the  v a r i  a b i l  i t y  o f  
the  du ra t i on  o f  the var ious categor ies being used. Biases may e x i s t  i n  such 
c l a s s i f i c a t i o n  i f  reproduct ion i s  seasonal o r  i f  sampling i s  non-uniform. 
However, i n  the  absence o f  o ther  data, t he  use o f  reproduc t ive-s ta te  
c l a s s i f i c a t i o n  may be the on ly  source o f  in fo rmat ion  on su rv i va l  ra tes .  

Anytime a sample can be d i v ided  i n t o  d i s j o i n t  age groupings, these age 
groupings have a p o t e n t i a l  t o  p rov ide  in format ion on su rv i va l  ra tes .  As w i t h  
any su rv i va l  est imate based on t h e  age s t r u c t u r e  o f  a populat ion,  i t  i s  
necessary t o  assume a s tab le  age d i s t r i b u t i o n ,  a n e t  r a t e  o f  increase, and 
some form o f  f unc t i ona l  r e l a t i o n s h i p  f o r  the  su rv i va l  r a t e  w i t h i n  an age 
i n t e r v a l .  (Note, t he  n e t  r a t e  of increase i s  usua l l y  assumed equal t o  zero 
wh i l e  the  r e l a t i o n s h i p  f o r  the  su rv i va l  r a t e  w i t h i n  an i n t e r v a l  i s  assumed 
constant. 1 

In Polacheck (1984) , I discuss how the  reproduct ive c l a s s i f i c a t i o n  i n t o  
immature and mature females, along w i t h  an est imate o f  the  fecund i ty  r a t e  and 
the  age of ma tu r i t y ,  can be used t o  prov ide estimates o f  su rv i va l  ra tes  dur ing  
these two stages, and I apply t h i s  method t o  data from samples of do lph ins  

* 
Present address: South P a c i f i c  Commission, B.P.DS, Noumea Cedex, New 

Cal edoni a 
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killed incidentally i n  tuna purse seine fishery i n  the eastern tropical 
Pacific. In the present paper, general equations are presented for  estimating 
the survival rates i n  two successive age groupings i n  w h i c h  the number of age 
classes i n  each group differs. These equations are then applied t o  the 
reproductive da ta  on dolphins i n  the eastern tropical Pacific t o  provide 
information on survival rates for  nursing and non-nursing immature females. 

METHODS 

Two equations were used t o  estimate the survival rates; one is  based on a 
continuous model of p o p u l a t i o n  growth, and the other on a discrete model. For 
a continuous model of populat ion growth, the r a t i o ,  Rc,  of the number of 
individuals i n  two successive age groupings which span different lengths of 
time can be expressed as: 

where w = the dura t ion  of the f i r s t  stage 
m = the dura t ion  of the second stage 
qw = the instantaneous mor ta l i ty  ra te  during w 
qm = the instantaneous mortality rate during m 
r = the instantaneous net rate of increase 

A derivation of this expression i s  provided i n  the appendix. A similar 
expression for  a discrete model of p o p u l a t i o n  growth i s  

i 
S 

W W 
T: - 

i =O i 
h 

R =  
d 

where w and m are as above and 

m m s w  
W - T 

i s 

W x A 

Sw = the survival rate per u n i t  time during w 
Sm = the survival rate per u n i t  time during m 
x = the finite rate of increase per u n i t  time. 
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Der i va t i on  o f  equation 2 fo l l ows  from expressing t h e  s tab le  age vec tor  f o r  a 
L e s l i e  m a t r i x  as successive products o f  Si/h, where S i  i s  t he  su rv i va l  r a t e  a t  
age i (e.g. P ie lou,  1977). 

Given a c u r r e n t  r a t e  o f  increase and the  r a t i o  o f  t h e  number i n  two 
successive age groupings, these expressions can be used t o  prov ide an est imate 
o f  t he  su rv i va l  r a t e  dur ing  the  second i n t e r v a l  as a func t i on  o f  t he  r a t e  
dur ing  the  f i r s t .  They do n o t  prov ide a s i n g l e  est imate o f  t he  su rv i va l  r a t e  
between ages w and m (as a normal age d i s t r i b u t i o n  would) because o f  t he  need 
t o  account f o r  the  i n d i v i d u a l s  i n  age group w t h a t  w i l l  n o t  surv ive  t o  
age m. However, i n  p a r t i c u l a r  s i t ua t i ons ,  as w i l l  be shown w i t h  the  data on 
dolph in populat ions,  given values f o r  w, m, and R, t he  combination o f  
meaningful so lu t i ons  f o r  the  su rv i va l  ra tes  dur ing  those per iods may be 
1 i m i  ted. 

Data are a v a i l a b l e  on the  number o f  immature females and the  number o f  
females l a c t a t i n g  from the  samples ava i l ab le  o f  do lph ins from the  eastern 
t r o p i c a l  P a c i f i c  f o r  t he  nor thern o f f -shore  spot ted  stock o f  S tene l la  
attenuata, and the  eastern spinner, and nor thern  wh i tebe l l y  spinner stocks o f  
- S .  l o n g i r o s t r i s  (Henderson e t  a l . ,  1979 1 and P e r r i n  and Henderson, 19792 and 
Per r in ,  e t  a l . ,  1976). Estimated values f o r  these th ree  stocks o f  t he  l e n g t h  
o f  l a c t a t i o n  ( i . e .  t he  age o f  weaning), the  age o f  ma tu r i t y ,  and the  
p ropor t i on  o f  immature females which are nurs ing  are g iven i n  Table 1 and are 
t h e  values used i n  t h e  ana lys is  below. Th is  i n fo rma t ion  can be used t o  
examine the  su rv i va l  r a t e s  o f  nurs ing and non-nursing calves. The est imate o f  
t he  p ropor t i on  o f  immature females t h a t  are nurs ing  was der ived as fo l lows:  
I f  one assumes a random sample, the  number o f  l a c t a t i n g  females provides an 
est imate o f  t he  number o f  nurs ing  calves i n  a sample as dolphins almost always 
have a s i n g l e  b i r t h .  By assuming a 50:50 sex r a t i o  f o r  nurs ing calves, t h e  
r a t i o  o f  one h a l f  o f  t he  number o f  l a c t a t i n g  females t o  the  number o f  immature 
females prov ides an est imate o f  t he  p ropor t i on  o f  immature females t h a t  are 
nursing. Note t h a t  t he  r a t i o  o f  nurs ing  t o  non-nursing ca lves has been 
expressed i n  terms o f  t he  p ropor t i on  o f  immature ca lves which are nurs ing  so 
t h a t  t he  r e s u l t s  can be e a s i l y  compared w i t h  an e a r l i e r  s e n s i t i v i t y  ana lys is  
o f  t he  reproduc t ive  data (Polacheck, 1983). 

As i nd i ca ted  i n  Table 1, the  l eng th  o f  l a c t a t i o n  has been estimated i n  
two d i f f e r e n t  ways (see Henderson, e t  al. ,  19791 f o r  a complete desc r ip t i on  o f  
bo th  methods). Method I i s  a c t u a l l y  an est imate o f  t he  average leng th  o f  t ime 
a l l  females nurse, which inc ludes  the  females which stop nurs ing  because o f  
t he  death o f  t h e i r  young. Method I 1  i s  a d i r e c t  est imate o f  t he  age o f  

lHenderson, J . ,  W.F. P e r r i n  and R.B. M i l l e r .  1979. Gross annual product ion 
i n  dol ph i  n popul a t i  ons ( Stenel 1 a spp) i n the  eastern t r o p i c a l  Paci f i c , 1973- 
1978. NMFS-SWFC, S O P S / 7 9 / 3 3 . -  

*Per r in ,  W.F. and J.R. Henderson. 1979. Growth and reproduc t ive  ra tes  i n  
populat ions o f  spinner dolphins, (S tene l l a  l o n g i r o s t r i s )  w i t h  d i f f e r e n t  
h i s t o r i e s  o f  e x p l o i t a t i o n .  NMFS-SWFC Admin. Rept. #LJ - -  i 9  29. 
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weaning based on an es t imat ion  o f  the  age o f  the  o l d e s t  i n d i v i d u a l  s t i l l  
nursing. Method I underestimates the  actual  age o f  weaning ( DeMaster personal 
communication). The r e l a t i o n s h i p  between Method I est imates o f  the average 
l e n g t h  o f  l a c t a t i o n  and the actual  age of weaning can be expressed a s  

PPP 
1 - e  -9 w w 

w, = ( 3 )  

where wI = method I est imate o f  the  l e n g t h  o f  l a c t a t i o n  

qw = the  instantaneous c a l  f morta l  i ty r a t e  before weaning 
w = the actual  leng th  o f  l a c t a t i o n  

It has been suggested t h a t  qw can be est imated by s u b s t i t u t i n g  Method 11's 
est imate f o r  the  l e n g t h  o f  l a c t a t i o n  f o r  w i n  equat ion 3 (DeMaster, Personal 
communication). However, because o f  p o t e n t i a l  biases i n  both methods o f  
est imat ing the  l e n g t h  o f  l a c t a t i o n  (Polacheck, 19841, separate analyses w i l l  
be presented below f o r  both Method 1 ' s  and Method 1 1 ' s  estimates o f  the  l e n g t h  
of the l a c t a t i o n  per iod.  Note t h a t  whenever r e s u l t s  are presented fo r  Method 
I estimates, t h e  actual  value f o r  w used i n  s o l v i n g  e i t h e r  equat ion 1 o r  2 i s  
the value o f  w der ived from s o l v i n g  equat ion 3 f o r  w. I n  o ther  words, the  
f o l l o w i n g  expression f o r  w was s u b s t i t u t e d  i n t o  equations 1 o r  2 

I n  ( 1  - wlqwl 
w =  

9, 
( 4 )  

When equat ion 4 was used i n  equation 2, qw was assumed t o  equal - I n  sw. 

RESULTS AND DISCUSSION 

Both equations 1 and 2 were solved for  the  s u r v i v a l  r a t e  of non-nursing 
calves us ing the  parameter est imates i n  Table 1. Equation 2 was solved f o r  a 
d i s c r e t e  t ime u n i t  equal t o  one month. When converted t o  a common t ime scale, 
the s u r v i v a l  r a t e  est imate from e i t h e r  equat ion was e s s e n t i a l l y  the  same. 
Thus, on ly  r e s u l t s  from the  continuous model (equat ion 1) w i l l  be presented. 
A l l  r a t e s  presented below have been converted t o  a common f i n i t e  t ime scale o f  
one year. 

I n  Figures 1-3, the surv iva l  r a t e  o f  non-nursing ca lves (Sm) has been 
p l o t t e d  as a f u n c t i o n  of the surv iva l  r a t e  o f  nurs ing  ca lves ( S  ) fo r  a range 
o f  values f o r  the  n e t  r a t e  of  populat ion growth f o r  the  l h r e e  do lph in  
populat ions.  The estimates of Sm are a decreasing funct ion o f  Sw and t h e  n e t  
r a t e  o f  increase. f o r  Method I 
est imates o f  the l e n g t h  o f  l a c t a t i o n  than f o r  Method I1 estimaTes due t o  t h e  
i n t e r a c t i o n  between Sw and w f o r  Method I ( i .e .  Equation 4 ) .  (Note i n  f i g u r e  
3 no r e s u l t s  are shown f o r  Method I estimates because no b i o l o g i c a l l y  poss ib le  

Sm i s  a l o t  more s e n s i t i v e  t o  changes i n  S 
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sol u t i o n s  e x i s t  f o r  t he  combination o f  i n p u t  parameters. ) 

When w i s  n o t  a func t i on  o f  Sw b u t  i s  h e l d  constant, as w i t h  Method I1 
estimates, t he  o v e r a l l  su rv i va l  r a t e  from b i r t h  t o  age m appears almost 
i n s e n s i t i v e  t o  any p a r t i c u l a r  combination o f  values f o r  S,,, and S which are 
used t o  so lve equation 1. This i n s e n s i t i v i t y  i s  i l l u s t r a t e d  i n  T a l l e  2 where 
the  range o f  o v e r a l l  average annual su rv i va l  ra tes  has been tabu la ted  f o r  the  
th ree  stocks us ing Method 1 1 ' s  est imate o f  t he  l eng th  o f  l a c t a t i o n  when Sm i s  
al lowed t o  range from 0.70 t o  0.98. The estimate o f  o v e r a l l  average annual 
su rv i va l  r a t e  va r ies  by a t  most 0.019 f o r  a given value o f  n e t  r a t e  o f  
increase. Th is  means t h a t  es t imat ing  su rv i va l  r a t e s  by t h i s  method i s  usefu l  
because on ly  the  o v e r a l l  su rv i va l  r a t e  from b i r t h  t o  m a t u r i t y  and n o t  the  age 
s p e c i f i c  r a t e s  w i t h i n  t h i s  pe r iod  a f f e c t  t he  o v e r a l l  dynamics o f  t he  
popu la t ion  model. 

Using the  r a t i o s  i n  Table 2 as estimates o f  t he  ove ra l l  su rv i va l  r a t e  
from b i r t h  t o  age o f  ma tu r i t y ,  the  r e s u l t s  appear n o t  t o  be cons is ten t  w i t h  a 
hypothesis o f  dens i ty  dependent changes i n  j u v e n i l e  su rv i va l  ra tes  given 
c u r r e n t  understanding o f  the  l e v e l  o f  e x p l o i t a t i o n s  f o r  these th ree  stocks 
(Smith, 19793 1. Thus, the  1 eas t  expl o i  t e d  stock, the  nor thern whi tebe l  l y  
spinner, has the  h ighes t  est imated su rv i va l  ra tes ;  t he  most exp lo i t ed  stock, 
t h e  eastern spinner, has in termediate estimates. 

These estimates, however, may be more o f  an i n d i c a t i o n  o f  sampling biases 
and inconsis tency i n  the  data than o f  evidence f o r  o r  aga ins t  dens i ty  
dependent changes i n  j u v e n i l e  su rv i va l  ra tes .  Thus, t he  r e s u l t s  f o r  t h e  
nor thern  whi tebe l  l y  spinner suggest t h a t  t he  o v e r a l l  juven i  1 e su rv i va l  r a t e s  
must be extremely high, approaching absolute b i o l o g i c a l  l i m i t s ,  i f  the  
popu la t ion  i s  n o t  dec l in ing .  A s i m i l a r  conc lus ion was reached from an 
examination o f  t h e  estimates o f  the  sexua l ly  mature p ropor t i on  and t h e  
pregnancy r a t e  f o r  t h i  s stock (Pol acheck, 19834 1. 

For the  eastern spinner stock, Method I1 estimates o f  t he  l eng th  o f  
l a c t a t i o n  prov ide  b i o l o g i c a l l y  p l a u s i b l e  su rv i va l  estimates. The su rv i va l  
est imates der ived  from Method I are n o t  b i o l o g i c a l l y  poss ib le  unless the  
popu la t ion  was r a p i d l y  dec l in ing .  The two methods o f  es t imat ing  the  l eng th  o f  
l a c t a t i o n  are on ly  p a r t i a l l y  independent as both are dependent upon the  actual  
number o f  l a c t a t i n g  females sampled. Thus, a r e j e c t i o n  o f  the  j u v e n i l e  
su rv i va l  est imates based on Method I estimates o f  the  l eng th  o f  l a c t a t i o n  
because they are b i o l o g i c a l l y  unreasonable b r ings  i n t o  quest ion the  j u v e n i l e  

3Smith, T. (ed.1 1979. Report o f  the  s ta tus  o f  porpoise stocks workshop 
(August 27-31, 1979, La J o l l a ,  C a l i f o r n i a ) .  NMFS-SWFC Admin. Report No. 
LJ-79-41. 

bPolacheck, T. 1983. Es t imat ing  c u r r e n t  r a t e s  o f  increase and su rv i va l  r a t e s  
from reproduc t ive  data f o r  do lph in  populat ions i n  t h e  eastern t r o p i c a l  P a c i f i c  
NMFS-SWFC Admin. Report LJ-83-11. 25 pp. 
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su rv iva l  e s t i m a t e s  from Method 11. The d i f f icu l t ies  w i t h  the e s t i m a t e s  from 
Method I suggest a poss ib l e  b i a s  i n  sampling towards juveniles. Such a b i a s  
would a f f e c t  both the es t ima te  of the mature propor t ion  and Method I1 
es t ima t ion  of  the l e n g t h  of l a c t a t i o n  (Polacheck, 1983).  The source  of  the 
problem i n  the es t ima tes  f o r  Method I most l ike ly  is  affecting the e s t i m a t e s  
of Method 11. Simi la r  difficult ies i n  ob ta in ing  juvenile su rv iva l  r a t e  
e s t ima tes  t h a t  were b i o l o g i c a l l y  p o s s i b l e  i n  a popula t ion  which  was not  
r ap id ly  dec l in ing  were a l s o  encountered f o r  this s tock when ana lyz ing  the 
es t ima tes  of the sexua l ly  mature propor t ion  and the pregnancy r a t e s  
(Polacheck, 19834) which further suggests sampling problems. 

For the northern o f f shore  spo t t ed  s tocks ,  the surv iva l  e s t i m a t e s  from 
both Methods I and I1 es t ima tes  of the l e n g t h  of l a c t a t i o n  a r e  c o n s i s t e n t  w i t h  
a wide range of p o t e n t i a l  rates of i nc rease  and suggest t h a t  a reasonable  
e s t ima te  f o r  the average ove ra l l  juvenile surv iva l  r a t e  f o r  this s tock may be 
i n  the range of 0.80-0.90. While this range of r a t e s  i s  somewhat lower than 
the range of  juvenile surv iva l  rates f o r  t h i s  s tock  suggested by an 
examination of the es t ima te  of  the sexua l ly  mature propor t ion  and the 
pregnancy r a t e  (Polacheck, 19834), the two sets of  e s t i m a t e s  do not  appear  
highly i n c o n s i s t e n t  given the poss ib l e  sampling v a r i a b i l i t i e s  i n  the i n p u t  
parameters.  

Previous papers  have suggested t h a t  the average annual surv iva l  r a t e  f o r  
a l l  ages f o r  these dolphin popula t ions  i s  -0.90 (NMFS, 19765; Smi th ,  197931. 
T h i s  r a t e  was derived from the comparison of e s t i m a t e s  of  the g ross  annual 
r a t e s  of  reproduct ion i n  d i f f e r e n t  dolphin popula t ions  and the assumption t h a t  
these popul a t i  ons a r e  not  decl i n i  ng . However , t h i  s previous f i gure cannot  be 
considered a direct  e s t ima te  and provides  no b a s i s  f o r  eva lua t ing  the juvenile 
surv iva l  estimates i n  the p r e s e n t  paper. 

5NMFS. 
i nvol ved i n  the e a s t e r n  Paci f i c  ye1 1 owfi n tuna f i shery . 
Report. LJ-76-29. 52 pp. 

1976. Report  o f  the workshop on s tock assessment o f  porpoises  
NMFS-SWFC Admi n . 
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Table 1. Estimates of the values of the parameters 
used in the analysis of survival rates. 

Proportion of Age of Length of Lactation 
immature females maturi ty  Method I Method 11 
nursing 1 (years) (months  1 4 (months ) 

Northern off- 
shore spot ted  

~ ~~~~ 

0.337 82 16.7 

Northern white- 0.261 63 16.0 
bel ly spinner 

Eastern 
spinner 

0.210 53 19.3 

18.7 

17.5 

10.3 

lcalculated from the pooled da ta  for 1975-1979 as given in Henderson, e t  a1 . 
(1979) (see text footnote 1) .  Mature females whose reproductive s ta te  was 
undetermined were prorated t o  the various reproductive states according t o  the 
percentages in the various states. 

*Based on estimates i n  Perrin, e t  a1 . , 1976. 

3Based on estimates i n  Perrin and Henderson, 1979 (see text footnote 2 ) .  

4Based on estimates i n  Henderson e t  a1 . , 1979 (see text footnote 1 ) .  
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Table 2. The range of estimates for the average annual surv iva l  rate 
from birth t o  maturity based on Method I1 estimate o f  the 
length of lactation when $ was varied between 0.70 and 0.98. 

Stock 
Annual Net 
Rate of Increase 

Average Annual 
Survival Rate From 
B i r t h  t o  Maturity 

Northern of f -  0.90 
shore spotted 0.95 

1 .oo 
1.05 

Northern white- 0.90 
bel l y  spinner 0.95 

1 .oo 
1.05 

Eastern spinner 0.90 
0.95 
1 .oo 
1.05 

0.721 - 0.738 
0.764 - 0.781 
0.807 - 0.825 
0.850 - 0.869 

0.871 - 0.873 
0.920 - 0.922 
0.968 - 0.971 
1.017 - 1.020 

0.810 - 0.815 
0.856 - 0.861 
0.902 - 0.907 
0.948 - 0.953 \ 
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Figure 1 .  Estimated annual surv iva l  ra te  of  non-nur s ing  calves (S ) plotted as 
a function of the estimated survival ra te  o f  nursing carves (S,) for 
a range o f  values for  the net r a t e  of  increase ( f )  f o r  the northern 
off-shore spotted stock. Figure l a  i s  for Method I estimate of the 
length of lactat ion and Figure lb  i s  for  Method 11. 
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Figure 2 .  Estimated annual survival r a t e  of non-nursing calves (Sm) plotted 
as  a function of the estimated survival r a t e  of  n u r s i n g  calves 
(S,) for a range of values f o r  the net annual r a t e  of increase 
( A  ) fo r  the northern whitebelly spinner stock. Figure 2a is  fo r  
Method I estimate of the length of lac ta t ion  and Figure 2b i s  
Method 11. Note t h a t  i n  Figure 2b no curve has been plotted f o r  
a net r a t e  of increase equal t o  1.05 because no solut ions e x i s t  
in which bo th  of the estimated survival ra tes  a re  less than one. 
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Figure 3 .  Estimated annual survival r a t e  of non-nursing calves (S,) plotted 
as  a function of the estimated survival ra te  of  nursing calves 
(S,) f o r  the eastern spinner stock f o r  a range o f  values fo r  the 
annual net r a t e  o f  increase ( A )  for  Method I1 estimate of the 
l e n g t h  of lac ta t ion .  
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APPEND1 X 

Derivat ion of an expression f o r  the r a t i o  o f  the number of  
i n d i v i d u a l  s i n  two successive age groupings of  unequal d e r i v a t i o n  

f o r  a cont inuous breeding  population i n  a s t a b l e  age d i s t r i b u t i o n .  

From Mertz (19711, the p r o b a b i l i t y  dens i ty  func t ion  o f  an ind iv idua l  b e i n g  age 
x f o r  a cont inuous breeding populat ion w i t h  a s t a b l e  age d i s t r i b u t i o n  is: 

c ( x )  = be'r Io ( )  

where 

q ( y )  = ins tan taneous  death r a t e  

r 

b 

= ins tan taneous  r a t e  of  i n c r e a s e  f o r  the populat ion 

= asymptotic ins tan taneous  b i r t h  r a t e  per indiv idua l  

I f  q ( y )  i s  a c o n s t a n t  between ages i and j and i f  q j  i s  defined a s  

qj = q ( y )  f o r  i < y - < j 

then f o r  x > i and x< - j 

Also note,  t h a t  i f  q ( y )  i s  cons t an t  between ages i and j then f o r  x > i  and x < j  - 

- r ( x - i )  - q j ( x - i )  
c ( x )  = c ( i )  e e 

since c ( i )  = b e-ri I ( i )  

T h u s ,  i f  f equal s the lowes t  age of an ind iv idua l  i n  the f irst  age grouping 
and ( f + w )  equa ls  the ages of  the o l d e s t  ind iv idua l  and qw equa l s  the 
ins tan taneous  mortal i t y  r a t e  dur ing  this per iod ,  the propor t ion  of  the 
populat ion between ages f and f+w is 
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f +w f +w - r ( x - f )  -qw(w-f) 
c (x )dx  = If c(w) e e dx I f  

w - rx  -qwx 
= c(w) Io e e dx 

By the exact same reasoning, the propor t ion  of the populat ion i n  the age 
grouping running from f+w t o  f+w+m i s  

From expression 1, 

-rw -qww 
c( f+w)  = c ( f )  0 e 0 e ( 4 )  

Thus by combining expression 2, 3 and 4 and then s i m p l i f y i n g  the r a t i o  o f  the  
number o f  i n d i v i d u a l  i n  the  two successive age groupings can be expressed as 

f +w - (r+q,,, )w 
I f  c(x )dx  = (r+qm) ( 1  - e 1 - 

Rc - 
f+w+m - r w  -q w -(r+qm)m 

) 
W If, e(x)dx (r+qw) e e (1-e 
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